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I. INTRODUCTION AND SUMMARY

F This report describes the fluctuations in intensity that occur when

a radio signal traverses striated ionization. The ionization is modeled as

a collection of cylinders of electron density randomly positioned in space.

This work is a continuation of a previous analysis The major improvements

on that analysis are:

1. The use of fast Fourier transforms to calculate the signal

a distance d, beyond the ionization instead of the method

of rays and caustics used previously.

2. The analysis is carried out for two extreme profiles of

striation electron density; the Gaussian profile previously

studied and a rod profile representing an extreme steepening

of the striation edge.

3. Results of systems significance are presented graphically

as contours on a Xd versus A0rms plot where X is the signal

wavelength and 4m is the root-mean-square signal phase

variation directly produced by the ionization.

The last improvement allows the difference between the extreme profiles' effects

to be easily seen as a function of the parameters Ad and A s

The set of striations used is the same as that used previously1  a set

of 210 striations set randomly in an area 64 km wide by a thickness T. The

thickness does not enter the calculations since we use the thin-screen4approximation. This approximation, whose validity criteria were previously
derived1 for Gaussian profiles, is adequate to demonstrate the propagation

effects for the striations considered in this report. We do not foresee any

qualitative changes by its removal and intend to demonstrate this in future

works.
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fik We find the rod and Gaussian profiles to produce similar propagation

2
effects for Ad >3km where the dependence on Ad is weakening. In the

high Ad regime, amplitude scintillation onsets at Atls 0.3 radians.

As Ad becomes smaller the rod and Gaussian profile effects diverge with onsetV for Gaussian effects occurring at

whereas i

for the onset of rod effects.

Thus the profile shape is relatively unimportant at UHF (A "1 0-3km),

but becomes very important at k Band (Ae lOSkiu). We assume l0 < d < 10 km

for typical situations. For d 10" and K Band the Gaussian profile effects

onset

at A0 100 radiansS

while the rod profile effects onset

~II

at AO MS 6 radians.

The rms phase is given by

AO 2.818.10 A~ n0 5

where nis the striation on-axis electron density (cm-3) and Qis the normalized

-~ 4



integrated electron density. For the particular set of striations used,

r 2.07 km for the Gaussian profile and Q = 2.55 km for the rod profile.

This indicates Agrms to be relatively insensitive to profile shape for a

given set of striations and values of no and X. However, the value of A rms

required for the onset of degradation is highly sensitive to profile when

Ad < 3 km2. The set of striations we have used have sizes ranging from 323m

to 1614m with a maximum number at 775m. One can scale our results to

4: different sizes by changing each size a to 6a and scaling z as 6 . The size

distribution used is a discrete approximation to the continuous Chesnut

distribution which gives the analytic formula for Gaussian profiles

Q2  a 3 M

where a is a characteristic size of the distribution (^' 0.76 km for the set

used), M is the total number of striations imbedded in an area L x T. Since T

does not matter, if we scale a0 and L to da0 and 6L, Qrms scales as 6.

This study has contrasted the propagation effects of smooth versus

abrupt profiles for a set of striations. The abrupt profiles produce more severe

propagation effects than smooth profiles at high frequencies. Future work will

address this question for other sets of striation sizes. We do not foresee

other sets of striations producing effects more severe than were found here

for the abrupt profiles. We illustrate this statement with an example.

Suppose we are at the threshold of rod effects at ,d = 0.1 and A4 rms x 0 .

If we change the sizes of all striations by dividing them and the width L by

1AOwe effectively have changed Ad to 1 and Airms to I which keeps us at the

threshold of rod-effects (Gaussian effects get worse). If we continued to

A 54
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divide the sizes we would reach A-= 0.3 and propagation effects would

cease. We believe the results presented in this report for rod profiles

L.constitute a reasonable upper bound for estimates of system degradation 
effects

in terms of Ao and Ad.

L~
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2. ANALYTIC METHODS

2.1 ANALYSIS

] We use the thin-screen approximation to describe the signal which

results after a plane wave propagates through a region of striated ionization.

The derivation and validity criteria of this approximation are in reference 1.

The ionization is represented by a collection of striations each of which

has a profile of electron density

;; ne( ) = n1 i(  1 . , ai1)

where x- (xi'zi) is the two dimensional position of the i'th striation and

a is its characteristic size. The electron density is uniform in the third

dimension.

For a plane wave propagating in the z direction, the thin-screen

approximation describes the effect of each striation on the signal to be a

phase change

- where k0 is the wave number of the signal = 24A where A, is the wavelength

t~

k 0

andn k/ 4 r.the critical electron density where r1 = 2.818.i0"I13c, th

); •change due to all the striations of

1 *(x) = fS ( X-i , a1 ).

m m

4c
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We consider two extremes of electron density profile:

- 22
The Gaussian, n9 e( )2ia-

which produces the phase

2g  (ex - xi)l/a

the rod,nir = no fIx < a.

S ;;i > ai

which produces the phase

- 2r (x -x-)
= Chai )

where C = a

The actual profile of a striation should fall between these tw

extremes.

The total phase has the Fourier transfom

F(v) tfat c-znhx,(x)

F.9(v)i CFa ad va

whfere F1 F1(v) 2eaad C -J 1 (Ztmva 1 )

where Jis a Sessel function.

(
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Notice that Fig(o) Fia(o): Cnai 2 because each profile has the same electron

411
o content, jdxjdz ni( - i ai) = i noai2

For a given set of striations, the phase has a power spectrum

P(v) IF(v)I2  = F 2(v) + 2 E Fi(v)Fj(v) cos[2wv(x i - xj)3
i i<j

The first term is independent of the positions of the striations. The second

term would be larger than the first by about a factor of the total number

of the striations if the cosine terms all added coherently. The discussion of

the propagation effects of a collection of striations should ideally not be

dependent on their particular positioning unless it can be shown that

characteristics of their positioning can be predicted by the phenomenology.

Since no positioning characteristics have yet come from pheonomenology, the

second term can be eliminated by considering the striations to be randomly

placed and averaging over an ensemble of random placements. If the total area

occupied by the striations is small compared to the area they are placed in,

one can approximate the probability of any two striations' placement as

independent and equally likely within the area. The position, xi, is then

equally likely on a line, L, which produces an average power spectrum of

PV = F2 (v) + 2S2 E F Mv)F.(v)
1 i<j

where S sin(vL)R7rvL"N

By evaluating the spectrum at values of

n = 1,2,3...

9
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where S 0, we are correctly ignoring the effects of the finite interval,

L, on the Fourier transform. We are expanding q(x) in a Fourier series.

The propagation calculations will be performed for one set of random

positions of the striations. This is the situation an actual radio signal

encounters. We illustrate in Figures 1 and 2 the power spectrum for the

one set and the average power spectrum for the Gaussian and rod profiles.

The scale is normalized (C = 1). We use a set of positions and radii furnished

by Dr. W. Chesnut3 (SRI). This is his "Type B" distribution consisting of

210 striations whose positions are randomly distributed over a line L 64 km.

This distribution was also used in reference 1.

It is obvious that the large differences between the specific set of

positions and the average at low-v is a chance alignment in phases for the

positions chosen. it appears for both Gaussian and rod spectra.

The rod spectra have a higher frequency content of course. The spectra

appear to change from exponential to power law at v = 1. Since there are no

striations in the set with ai < 0.323 km, all Bessel functions would have

arguments greater than 2 for v 1. They then decrease with an envelope of

- giving the power spectrum a v 3 fall off. The Gaussian spectrum is

exponential until v 1 i.5 where the Gaussian fall off should take over

The propagation calculations we will perform with the specific set of

striations depend on the Fourier transform of ei (x). We cannot yet analytically

determine the effect of the large low-v variation in the power spectrum of

4(x) for the specific set on our calculated effects. Our intuition says the

low-v portion of the spectrum is unimportant so long as it is finite. We also

feel that all statistical properties of the signal of interest will be

unaffected by the noise-like difference between the specific and average spectrum.

10
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Consider the following statistical functions:A

L

ofdx(X)

0 ~ ~ Y F(n)ei2-irnx/L EL
L L-

1 [F(The1~nL + F(
Ln=l LL

Thal., s, the Fourier transform of A0 is the same as the Fourier transform of

0 ihthe v =0 term removed. The auto correlation function

A ,(X)A (x T+X Ax) I L( + Ax)
0

P(2)(ei27TTMx/L + e- 2 -nnhx/L
L n=l

~~ which follows by substitution and the properties -

L

14  Jx i21Tx/L(n+n') 0 n t n
I n z n'

F(~! F(

We have the well known result that the power spectrum is the Fourier

transform of the auto crrrelation function. In this case we are referring to

power per unit length since we are interested in AyA over the interval (0,L) only.

A Over this interval the auto correlation function is meaningful out to jAxi L/2

-~ ~ k13
-~ --



since beyond this value the periodicity of A causes it to mirror its behavior

back to its value at Ax 0. That is, Aq(X = -L-Ax) AcZ(X)Ax+AX.I

Indeed, for cases of interest to be treated later, -2 p(n- >> 1.

This causes most of the interest in the auto correlation function to be in

its behavior at small Ax. For example, one item of interest is that value

of Ax where

A¢.A x) - 17 -I or

2
ijL-nP(-) [I- cos(2.-)] I or

;:-'- P( sin n x) 1
Ln

i, difference between the specific and average spectrum should not impact the

2 L 2

result. Similarly for ',Ax << L, the sin weighting will vary slowly ove a

range of n values which smoothes out the differences between the specific ar-i

average spectrum.

The discrete distribution of ai that we use approximates the con -nrus

Chesnut distribution,

m(a)da - 8M 0  -(a da

3 a

W j the number of striations of size a in an interval da. The total number of

striations, M = 210.

14
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Analytically,

S e" 2 2 2 )

PTV) fn(a)da (Crra 2 e-2aa

T 0-

for the Gaussian profile.

Figure 1 shows the exponential behavior quite well except near v = 0

where the cutoff of large striations in the discrete distribution returns

the vanishing slope at the origin. From Figure 1, a measured slope of 7.83

produces the value ao = 0.881 km.

We are interested in relating the propagation effects to a character-

istic size of the distribution used and to the parameter

A 2 P(v)dv r8 2 3ML 2 n L L 0

for the continuous distribution. We have measured this quantity directly

from the discrete distribution and find

A)rms r = 2.0711C .

Substitution of this value into the above, equation produces a. 0.761 km.

Thus there is a 10% discrepancy in determinin, 0 from specific and average

discrete distributions using formulas for a tontinuous distribution. Since

the geometric structure of the striations we use is fixed, we will relate the

propagation effects to A-Yrms by variations of the parameter C.

15



We now discuss the signal at a d stance d beyond the striated region.

If the signal is defined as

i(k z-wt)
E = U(x,z)e

and U(x,O) ei(x) at the exit plane of t t, -'i-ons, the signal at some

point (xod) beyond the exit plane is obU-ir d f -:7i ,rh~e free-space parabolic

equation
-.1

a' 1 3 2 U
=, z + o Ti k 2 "

0 ax

Fourier analysis of the parabolic equation shows that for

ti: (x,O) = k)ek ikx

U(Xo.d) (e0
k

: " iThis method has had widespread us, by workers in striation propagation and

k2 d

- ' is efficient for production runs of U(Xo d) because of fast Fourier transform

0'

techniques. This technique decomposes the signal at z 0 into plane waves,

propagates each plane wave to the receiver at (xo,d) and sums the waves to

obtain U(xo,d). Since U(x,O) was defined only for 0 < x < L, the use of a

sum (Fourier series) rather than an integral specifies U(x,O) as periodic in L.

We can accept this as an unimportant consequence so long as we do not evaluate

the signal at values of d so far from the screen that the signal is influenced

by values of U(x,O) over an interval greater than L.

16
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The Fresnel distance for an interval L is

df koL2/2

The smallest wave number of interest is n5.103 km- so we nee6 d < df lO7 km

for L = 64 km, which is well satisfied for cases of interest. A further

requirement when large phase variations occur is L/2d > aM where eM is the

largest angle of a significantly contributing plane wave.

The parabolic equatioht is a small angle approximatioo to the wave

equation. For each plane wave, the parameter k is kosinOk .ko0k The

amplitude of the plane wave is the Fourier integral

k) JLe[(x)-kx~dx

As in a previous analysis we may define a local phase-front angle

ax

and the integral is

"U~k) L iko[ I (f(x-8 )dX"]
U zk -L e dxI 0

If instead of fast Fourier techniques, we evaluated the integral by stationary

phase the points of stationary phase would be wherever

O(x)

s 7

17



and
i[( (x )-kx I

=.q r - e *

2 <
with a criterion for the validity of this method of 1O"(x) << k 0 (x )W

Although this method of evaluation of the integral becomes inaccurate

where 6'(x) is small, it is clear that there are negligible contributions to

the integral for ak > (W(X) since there would then be no stationary points.k max

For a Gaussian profile

e(x) -- (x - x ) e0 C ,k oa1 (x x x

with maximum value

2 C no

lma x  k0  nc

and depending on the number of striations along the path there is some finite

limit of k for which the requirement

L

d <

can be tested.

For the case of a rod profile

:! Ix-x ,
./C

_ Iej(x) a.0 1ix (x-xi)7
ais-

_______~~ - --

VMUai2



which approaches infinity as !(x-xi); approaches a. and there is no limit
w ai

on O(x). Indeed there are two infinities per striation in O(x).

However

2 2
0'.(x) -c C(x-xi) /ai + 1iix

01 IU -Xi)e
a.

also becomes infinite so the amplitude of the plane wave contribution goes

to zero.

The rod profile is an extreme idealization of the sharpness of the

edge of a striation. The fact that we will evaluate U(k) by a fast Fourier

transform rather than analytically, means we are automatically smoothing the

edges of the striation since the largest value of obtainable is

=;(x xi+ai-Ax) -i(x xi+ai)

k0 x

n
.o t where Ax is the step size = L/N where N 2 is theI To Iax nc

number of Fourier components (plane waves) to be determined.

We have carried out the analysis for m 14 and 15 to see the impact

:-; Prgatfn efects of changing the step size and hence the maximum plane

wave ancle. The differences were negligible, indicating that for the cases we

.ave treated, the largest angle of a significantly contributing plane wave was

less t- an the largest angle obtainable by using m = 15. We do not know what

tis an-e is for the rods. We estimate the angle for the Gaussian profile

using previous analysis which shows

a

n19



(koao)2 A

If we choose the restriction

L koaoLd < L- _ =

or

Ad "aoL 150
AAMis 'rms

we should be confident that the finiteness of the interval, L, will not
impact the calculations. It turns out that the results of importance for this
study occur well before this limit is reached.

The parameters Ad and A- (or C) uniquely determine the propagation
effects for a given striation structure. This can be seen from an alternate

expression for the signal previously obtainedI

cA +-x) + -n(x-xo  XLd]
U(xo,d) = 'a fdx e),d

For a fixed structure, o (x) and &V are both linear in C and therefore
scale together. The only other parameter in the integral is Ad. We may
therefore do all calculations at one frequency varying C and d, present the

- results in terms of Ad and 6.m and obtain results at other frequencies by
scaling.

20
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2.2 IMPLEMENTATION

We choose a range of Ad of interest by considering the frequency

range of interest to be 300 MHz to 30 GHz and the distance range of interest

- to be 102 to 104 km. This limits

10- 3 < 'Ad < 10 km2 .

We choose vO.l < 6-rs 100 radians. Effects are negligible at and below

the lower limit. The higher limit is chosen so as to insure adequate sampling

of elC(X by the fast Fourier transform. These limits are sufficient to

demonstrate results. The transparency of the medium is assured for high

altitude plasma by the restriction A, 100 radians. For a tenperature

around 100&K, the ion-electron momentum transfer collision frequency

l~ Ve ( s -1 ) ;t lO"3 n(Cm-3 )

el e

A wave traveling a thickness z of the plasma then suffers dz 1.28-lollf
eeLi~~ ~e2. 48od ttnainBhr is the waelength in kmn. For the 64 km width

of the striations the average attenuation is

2  fix fdz nin(xz)

'11

6f-,-. x/fz no02 e'('xi=

! i for Gaussian profiles and

21
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fd(dz 1112II o , r > ail 
n

0 0

for rods.

Therefore, the rods produce twice the average attenuation that

Gaussian profiles produce for the same electron content. For Gaussian profiles

tie have

A = o13 _2 2 2
1 Tn 0 Fai

For the particular set of 210 striations we use

Eai2  112.E2

and 354.i54-1 n2 dB where X is in Jm and is j -3 Sir.larl. we

have

. -3 k
A = 2.81810Ano

, ' " , jL ne(x,z 1

where Q(xj = z is the normalized intecrated eiectron ier.sitvn k

For the particular set used, Q 2.071 bI so 0 n

For '- - , 0 2 dB. For the rrds, s
A ~-1 -11.O'kn 2 2 .7%- .6 2 and a-bsorto

-107.8-lA 1 X'n 2 70__
,186 = but A 7 .W81"l~

is '0. rprocedure is to octain -4x di.,ectlv *rnr.,is negligible for .... ur tootis-)daete

the 210 striations in steps of 64 k'215  l .953m and store it. o'r each

value of Ac,.s desired we multiply Ix, by -4 M S to obtain

; 3
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fast Fourier transform e to obtain U(k). We use the Berkeley computer

library routine CFFT. Their write-up describes the inverse transform as

N-I ik.x
U(x,O) = Z U(j)e

j=0

where

k.4 L Lp

This reproduces the function U(x,O) exactly at the sampled points x p 
p

p = 0,1,2...N-1. Unfortunately, it is not the appropriate inverse transform.

The proper one for best fit to the function at all x is

N/2 ikjx N/2-1ikj -ikjx

U(x,O) = ]U(j)e + X (N-j)e
j0 iil

which also reproduces the function exactly.

This is the proper truncation of the infinite Fourier series which has

both positive and negative wave numbers. The one described in the Berkeley

write-up replacid the negative wave numbers by wave numbers one period higher

- I which introduces high frequency (wave number) content the original function

I did not have.

Having the U(j) for the specified A"rms' we t: .:n modify U(j) for each

of a set of values of Ad to describe the wave a distance d away as

23



' j~d): () "-ik kjdX/4T
(-d f(j) 2 j = O, ,..N/2 ;

-ik 2 d/4Tr
i3U(N-j,d) : I(N-j) ej 1,2,..N/2-.

and call the inverse CFFT to obtain U(x,d). The routine performs the inverse

transform properly.

For the rod profiles we redid the calculations using both 214 and

215 Fourier components and found the results consistent, signifying the sampling

of Q(x) to be adequate.

- I

',
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3. RESULTS

Tn this section we compare the propagation effects of rod profile

striations and Gaussian striations. Since the computer routine calculates

the signal at 215 values of x over a 64 km range, we have a good sampling

for statistics. The output of the routine includes the mean intensity,

NJ , which should be unity by conservation of energy (this check on the

results was unity for all cases), and the scintillation index,

S4

L The distribution of the intensity is obtained by printing the number of samples

in bins 3 dB wide. The following table has the percent of samples in each bin

for those cases where at least 0.5% of the samples were less than -3 dB.

The columns begin with the percent less than -30 dB and work up in 3 dB

increments with the last column for samples > 12 dB. The T signifies a finite

percentage less than or equal to .05. The calculations were carried out forI d up to the lesser of 10 and l00/Am s. We chose to stop the tabulation at

d the lesser of 10 and IO/Ar

j The results for Gaussian profiles do not enter the table for

Xd < (A r The results for rod profiles do not enter the table for

Xd < 10'/ 2(A r)2 within the range of d of interest.rms

If one considers the question of how one scales a critical quantity

with wave length, one will get different scaling for the rod and Gaussian

profiles. For example, consider the value of on-axis electron density, no,

below which more than 99.5% of the signal is above -3 dB. For the Gaussian

25
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where the sum is over the N =2 values of x. We illustrate the results

in Figure 3, where the line labeled MRC is from their report. The case

chosen is for 10 31.623 (15 dB). The bracketed lines near MRC's curve show

our results for d = 10 km2. The brackets signify the spread between rod(r)

and Gaussian(g) profiles. We approach the MRC result at the high limit of

XA. To the right of the MRC curve are three lines signifying the results

for Xd 0.1(r), XA = 0.1(g) and Xd = 0.01(g). Sprinkled in between are various

other points for other cases. it is apparent that at lower values of xd, e

gets better faster for Gaussian than rod profiles. The best way to present

results of this type is on a Ad versus Am plane. We demonstrate for two

contours of P = l0-4 and 102 in Figure 4. The mesh points are the cases weeIi have run. We sketch the contours so they are on the correct side of the mesh

point values.

I The utility of the Xd-A rms chart is apparent for putting the system-

effect problem in perspective. Since 102.5 < d < 10 in general we see that

UHF(X=I 3) lies in a band at the top where trouble begins in the region

0.3 < AO < 1 for both profiles. S Band(X=10 4) is below this band where trouble

begins in the region 1 < Aorms < 3 for rods and 3 < A~rms < 20 for Gaussian

profiles. Finally, K Band(X=10-5) is below this band with 3 < Ams < 10 for

rods and 20 < AOrms < 100 for the Gaussian profiles. Thus, the highest

frequencies are the most affected by uncertainties in the profile form. I
This chart was used by researchers in an attempt to put the measured

scintillation index in perspective. We sketch contours of S4 for Gaussian

and rod profiles in Figures 5 and 6. The Gaussian profiles give rise to large

focusing effects which lead to large values of S4 in the focal region mentionedI4
in previous work1 . From the table we saw that only Gaussian profiles produced
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signals >12 dB. The rod profiles do not give rise to high values of S4 , and
1there does not seem to be any consistency as to which values are above or

below 1 as can be seen by the uncertainty in drawing the S4 = 1 contour in

Figure 6.

We believe 4 should be abandoned as a measure of the severity of

i propagation effects since it is influenced by intensity peaks which are
unimportant for degradation. Comparisons of Figures 4, 5 and 6 show correlation

of the onset of trouble ( 0 = 10 ' and S4 = 0.3) but we should have a better
measure of the degree of trouble. As an example, we show in Figure 7 thecontour for 1% probability of fades >12 dB for rod and Gaussian profiles. -

Here, the separate scaling is apparent. The correlation of this contour withII the S4 = 0.8 contour of Figure 6 is not bad for a small range, but the corre-
lation with S4 in Figure 5 for the Gaussian profiles is non-existent.
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